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@ why and how?

@ recall nodal-edge-face sequence for 3D VEM
[Beirao da Veiga, Brezzi, Dassi, Marini, Russo, CMAME 2018, SINUM 2018]

@ interpolation estimates in the three spaces
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Possible applications: Maxwell equations

eEr+0E—Vx(p 'B)=J  inQ, Vte (0,T]

B:+ VXxE=0 inQ, vte (0, T]
E(0) =E°, B(0)=B° in Q
Exng=0, B-ng=0 on 90
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Possible applications: Maxwell equations

eEr+0E—Vx(p 'B)=J  inQ, Vte (0,T]

B:+ VXxE=0 inQ, vte (0, T]
E(0) =E°, B(0)=B° in Q
Exng=0, B-ng=0 on 90

V-B'=0 = V-B(t)=0 Vte(0,T]

It suffices to take the V- of the second equation
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Possible applications: MHD models

U+ (Vuu—Re 'Au—-sjxB+Vp = inQ
j— Re,' VxB =0 in Q
B:+ VxE = in Q
V-B =0 in Q
V-u =0 in Q
where
j=E4+uxB
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Coupling of the FEM and the VEM

Figure: Imagine everything in 3D
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Coupling of the FEM and the VEM

Figure: FEM on blue elements, VEM on red elements
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Nodal-edge-face sequence for 3D VEM
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Nodal virtual elements on faces

¥
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Nodal virtual elements on faces

Given a face F

Vie(F) == {v,, € CO(F)’ Vnie € P1(e) Ve € £, }
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Nodal virtual elements on faces

Given a face F and
XF=X—br vx e F

ViU (F) == {Vh IS CO(F_)‘AFVh € Po(F), vne € P1(e) Ve € er, /VFVh - XF = O}
F
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Nodal virtual elements on polyhedra

Viode(K) = {v,, € CO(R)] Viir € ViU (F) VF € 5F}
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Nodal virtual elements on polyhedra

VEode(K) = {Vh c CO(R)]Avh =0, Vhr € Vi°*(F) VF € SF}
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Edge virtual elements on faces

¥
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Edge virtual elements on faces

Given a face F

VEtes (F) .= {F,, e L2

Fr-te € Po(e) Ve e £F }
L
\
A
b d
\
(4

Interpolation and exact sequences in the VEM 19.06.2024 8/21



Edge virtual elements on faces

Given a face F

)

VEtes (F) .= {F,, e L2

Fr-te € Po(e) Ve e £F }
L
\
A
b d
\
(4

Interpolation and exact sequences in the VEM 19.06.2024 8/21



Edge virtual elements on faces

Given a face F

VS (F) = {F,, e [LB(F)? ,Ve-Fp=0,
Fr-te € Po(e) Ve e £F }
V)
A)
A

<
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Edge virtual elements on faces

Given a face F and
XrF=X—br ¥VxeF

V;dge(F) — {Fh e [LZ(F)]Z ,VP Fh S PO(F)?

Fr-te € Po(e) Ve € £, /Fh-xF:O}
F

<
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Edge virtual elements on polyhedra
Given xx = X — by

VEies(K) = {F,, e (2K

(ne x Frie) x ne € VE%(F) VF € FX,
Fj - te continuous at each edge e,

A~

<
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Edge virtual elements on polyhedra
Given xx = X — by

V;dge(K) — {Fh c [L2(K)]3 c []P’()(}()]a7 V- Fh - Oa

(ne x Frje) x ne € VE%(F) VF ¢ FX,
F - te continuous at each edge e,

[ F o) = 0 o € [Po(m]s}

)
A)

<
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Face virtual elements on polyhedra

¥
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Face virtual elements on polyhedra

Given xx = X — by

VES(K) = {ch € [L3(K)F

L. Mascotto

Ch-nr € Po(F)VF € £,
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V-Ch € Po(K),

Ch-nr € Po(F)VF € EX,

Interpolation and exact sequences in the VEM 19.06.2024

10/21



Face virtual elements on polyhedra
Given xx = X — by

Vie(K) = {ch € [L*(K)P°| V- Ch € Po(K), ’

Ch-nr € Po(F)VF € EX,

[ C (i po) = 0 vpo € [I%(K)P},
K
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Face virtual elements on polyhedra

Vic(K) = VEEK) 2 VES(K)
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Interpolation estimates
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Interpolation estimates for finite elements

Finite element interpolation estimates [assuming sufficient regularity]

@ map to reference element (standard, Piola, ...)
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Interpolation estimates for finite elements

Finite element interpolation estimates [assuming sufficient regularity]

@ map to reference element (standard, Piola, ...)

@ Bramble-Hilbert
@ add and subtract polynomials

e interpolant preserves polynomials
e continuity of the interpolant in correct norms [the basis is fixed once and for all]

@ polynomial approximation

@ map back to physical element
o milk out scaling
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Interpolation estimates for finite elements

For Lagrangian element [up to K < R]

‘VfZ,I:VEVL LSV —vilg+ ‘Z,':VE(V— m‘1 SSIV=vilig+ v = villg,.

) ’
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Interpolation estimates for finite elements

For Lagrangian element [up to K < R]
‘va,':VEvL SVl g+ ‘Z,’:VE(vf v1)‘1 cSlv=vilig+lv-wills.. g

and then standard approximation
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Interpolation estimates for finite elements

For Lagrangian element [up to K < R]

v—Thev| < lv—wilg+ | - w)| SVl g+ v -

) ’

i H%Jrs,k

and then standard approximation

For Raviart-Thomas, similar arguments
[Nédélec, Numer. Math., 1980]
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Interpolation estimates for finite elements

For Lagrangian element [up to K < R]

v—Thev| < lv—wilg+ | - w)| SVl g+ v -

) ’

i H%Jrs,k

and then standard approximation

For Raviart-Thomas, similar arguments
[Nédélec, Numer. Math., 1980]

For Nédélec, similar arguments
[Boffi, Gastaldi, Appl. Numer. Math. 2006], [Amrouche, Bernardi, Dauge, Girault, M2AS, 1998]
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Challenges in deriving interpolation estimates in the VEM

Challenges

@ no reference element is available
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Challenges in deriving interpolation estimates in the VEM

Challenges

@ no reference element is available

@ nonpolynomial basis functions

Ways out

@ definition of the spaces + integration by parts lead to polynomials

@ polynomial inverse estimates on regular subtriangulation of elements are available
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Interpolation estimates for face (Raviart-Thomas) elements

FEM — face — L2 error
Cin H(div, K) N [LP(K)PN[H*(K)]® with p > 2 and s > 1/2. Then

F
o zacl,, < ich
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Interpolation estimates for face (Raviart-Thomas) elements

FEM — face — L2 error
Cin H(div, K) N [LP(K)PN[H*(K)]® with p > 2 and s > 1/2. Then

F
Jo- e, <t i

FEM — face — L2 div error
Cin H*(div, K) N [L°(K)]® with p > 2 and s > 0. Then

|v(e-zE0)| < hkIv-Clk
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Interpolation estimates for face (Raviart-Thomas) elements

VEM — face — L2 error
Cin H(div, K) N [LP(K)PN[H*(K)]® with p > 2 and s > 1/2. Then

e -ec|| , < nkIClx

VEM - face — L2 div error
Cin H*(div, K) N [L°(K)]® with p > 2 and s > 0. Then

Hv.(c - IEEC)HO!K < hx [V-Clg
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Proof of interpolation estimates for face VE (1)

Let C, be the vector average of C. Denote C, := Z,-C (assign normal components)
Then

IC —Cillox < IC—Cxllo + 1C = Cxllo x < M [Clg + [IC1 — Crllg
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Then

IC —Cillox < IC—Cxllo + 1C = Cxllo x < M [Clg + [IC1 — Crllg

As for the second term on the right-hand side, we have

1 HOT POINT
1C1 — Cxrllo.x < hig I(C1 — Cx) - Nikllg ok
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Proof of interpolation estimates for face VE (1)

Let C, be the vector average of C. Denote C, := Z,-C (assign normal components)
Then

IC —Cillox < IC—Cxllo + 1C = Cxllo x < M [Clg + [IC1 — Crllg

As for the second term on the right-hand side, we have

+C
1C1 — 7r||o;<<h2 1(Cr = Cx) - Nkllo ok

<hE|(C-C)- nKHoaKJrh (€ = Cx) - nllo ok
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Proof of interpolation estimates for face VE (1)

Let C, be the vector average of C. Denote C, := Z,-C (assign normal components)
Then

IC —Cillox < IC—Cxllo + 1C = Cxllo x < M [Clg + [IC1 — Crllg

As for the second term on the right-hand side, we have

nK.(C——CI):0
IC/— 7r||oK<h2 [(Cr—Cx) - Nillg ok Jr

< hﬁ (C —Ci) - nkllg ok + h [(C —Cx) - Nkllg ok
1
< 2hg [[(C = Cx) - kg ok
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Proof of interpolation estimates for face VE (1)

Let C, be the vector average of C. Denote C, := Z,-C (assign normal components)
Then

IC —Cillox < IC—Cxllo + 1C = Cxllo x < M [Clg + [IC1 — Crllg

As for the second term on the right-hand side, we have

7[' n 5 eq
H / ||OK<h H(C/ ) K” P race lld‘OlI re in

< hﬁ (C —Ci) - nkllg ok + h [(C —Cx) - Nkllg ok
1
< 2h¢ [(C = Cx) - nkllg ok < M ICl

~
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Proof of interpolation estimates for face VE (2)

Hot point: an inverse inequality in the face VE space

1
Chllo.x < hic Nk - Chllo ok
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Proof of interpolation estimates for face VE (2)

Hot point: an inverse inequality in the face VE space

1
Chllo.x < hic Nk - Chllo ok

We have the Helmholtz decomposition
Ch=VV+Vxp
where ¥ in H'(K) \ R and p in H(V x, K) satisfy
VxVxp=VxC, inK

Vp=0 in K

{va.ch in K
ngxp=20 on 0K

ng-VV¥ =ng-C, onoK

Interpolation and exact sequences in the VEM 19.06.2024 15/21



Proof of interpolation estimates for face VE (3)

(Vxp,VW¥)ox =0 & BCs = IChll3 « = IV W[5« + V% pll5 4
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Proof of interpolation estimates for face VE (3)

(Vxp,VW¥)ox =0 & BCs = IChll3 « = IV W[5« + V% pll5 4

We estimate the two terms on the right-hand side on the rig lBP + definition of W

va“g_K:_/vch\UJr/ ng-Cp V¥
' K oK
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Proof of interpolation estimates for face VE (3)

(Vxp,V¥)oxk=0 & BCs = IChll3 « = IV W[5« + V% pll5 4

We estimate the two terms on the right-hand side on the V Cn c R, V zero average

vaHg.K:—/v’chw‘F/ nK'Ch\V:/ ng-CpV
’ K oK oK
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Proof of interpolation estimates for face VE (3)

(Vxp,VW¥)ox =0 & BCs = IChll3 « = IV W[5« + V% pll5 4

We estimate the two terms on the right-hand side on the right-hand side

vaHg.K:—/v’chw‘F/ nK'Ch\V:/ ng-CpV
’ K oK oK

< HnK : Ch”o,aK ”w”o,aK
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We estimate the two terms on the right-hand side on the right-hand side

vaHg.K:—/v’chw‘F/ nK'Ch\V:/ ng-CpV
’ K oK oK

1
< Ink - Callg ok IWlo,0x <INk - Chllg ok A VW ¢
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Proof of interpolation estimates for face VE (3)

(Vxp,VW¥)ox =0 & BCs = IChll3 « = IV W[5« + V% pll5 4

We estimate the two terms on the right-hand side on the right-hand side

vaHg.K:—/v’chw‘F/ nK'Ch\V:/ ng-CpV
’ K oK oK

1
< Ink - Callg ok IWlo,0x <INk - Chllg ok A VW ¢

“only” direct estimates aré used
We end up with

2 2
IVW¥1o.x < hi [Ink - Callg ok
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Proof of interpolation estimates for face VE (4)

2
[V p”o,K
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Proof of interpolation estimates for face VE (4)
|BP and nk x p =0 0n 9K

IVx ol = [ pe9xVxp

Interpolation and exact sequences in the VEM 19.06.2024 17/21



Proof of interpolation estimates for face VE (4)

Vx Vxp=VxCn

IVxple = [ p-VxVxp= [ p-vxcy
K K
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Proof of interpolation estimates for face VE (4)

IVxple = [ p-VxVxp= [ p-vxcy
K K
Set o := Vx Cp, € [Po(K)]°. We have

: 1
direct computation Qo = = Vx(qo X Xk)

2
Then
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Proof of interpolation estimates for face VE (4)

IVxple = [ p-VxVxp= [ p-vxcy
K K
Set o := Vx Cp, € [Po(K)]°. We have

1
Qo = 5 VX(Go X Xx)
Then

2
IV pllo k
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Proof of interpolation estimates for face VE (4)

IVxple = [ p-VxVxp= [ p-vxcy
K K

Set o := Vx Cp, € [Po(K)]°. We have

vxC :%Vx(qoxx’() Qo =
Then

1
> Vx(go X Xk)

1
IV ol = 5 [ 90 % x0)
K
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Proof of interpolation estimates for face VE (4)

IVxpli = [ p-vxxp= [ p-vxey
Set o := Vx Cp, € [Po(K)]°. We have
qQo = %VX(qo X Xk)
Then
IV ol =5 [ - Tx(an %K)

P 1 1
1B :f/vxp~(qO><XK)+*/(nKXp)'(qOXXK)
2 K 2 oK
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Proof of interpolation estimates for face VE (4)

IVxple = [ p-VxVxp= [ p-vxcy
K K
Set o := Vx Cp, € [Po(K)]°. We have

’
Qo = 5 VX(Go X Xx)

Then
1
IV ol = 5 [ 90 % x0)
K
1 1
5 [ Vxp-@x x5 [ (e p): (@ x %)
2 K 2 oK

nkxp=0 :%/VXp~(qo><XK)
K
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Proof of interpolation estimates for face VE (4)

IVxple = [ p-VxVxp= [ p-vxcy
K K
Set o := Vx Cp, € [Po(K)]°. We have

1
qGo = EVX(qO X Xk)

Then
1
IV ol = 5 [ 90 % x0)
K
1 1
5 [ Vxp-@x x5 [ (e p): (@ x %)
2 K 2 oK

- 1 1
Ch=VV+VXxp :E/vXp~(qoxxK):E/(CthW%(OIoXXK)
K K

Interpolation and exact sequences in the VEM 19.06.2024 17/21



Proof of interpolation estimates for face VE (4)

IVxple = [ p-VxVxp= [ p-vxcy
K K
Set o := Vx Cp, € [Po(K)]°. We have

1
Qo = 5 VX(Go X Xx)
Then

1
IV ol =5 [ - Tx(anxxw)
1 1
5 [ Vxp-@x x5 [ (e p): (@ x %)
K oK
1 1
— 5 [ Vxp@xx0) = 5 [ (€= 79): (a0 x %)
K K

_ 1
[ Ch- (Ao x %K) = O :_E/KW'(%XXK)
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Proof of interpolation estimates for face VE (4)

IVxple = [ p-VxVxp= [ p-vxcy
K K

Set o := Vx Cp, € [Po(K)]°. We have

1
o = EVX(qO X Xk )
Then
1
IV ol = 5 [ 90 % x0)
K
1 1
5 [ Vxp-@x x5 [ (e p): (@ x %)
2 K 2 oK
1 1
— 5 [ Vxp@xx0) = 5 [ (€= 79): (a0 x %)
K K
1 1
Il SR =2 [ v (@0 x) < 3 W, ol
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Proof of interpolation estimates for face VE (5)

Since
qo:VXChIVXVXp
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Proof of interpolation estimates for face VE (5)

Since
qo:VXChIVXVXp

we end up with

1
IV pllg e < 5 Wl i 9% V% pllg i
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Proof of interpolation estimates for face VE (5)

Since
qo:VXChIVXVXp

we end up with

1
IV pllg e < 5 Wl i 9% V% pllg i

If we were able to show

h [[Vx V< pllo x S IV pllo k
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Proof of interpolation estimates for face VE (5)

Since
qo:VXChIVXVXp

we end up with

1
IV pllg e < 5 Wl i 9% V% pllg i

If we were able to show

h [[Vx V< pllo x S IV pllo k

then we would conclude with

VX pllox < Wk
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Proof of interpolation estimates for face VE (5)

Since
qo:VXChIVXVXp

we end up with

1
IV pllg e < 5 Wl i 9% V% pllg i

If we were able to show

h [[Vx V< pllo x S IV pllo k

then we would conclude with

1
estimates on V¥ [Vx pllo x S [V x < hig [k - Chll ox
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Proof of interpolation estimates for face VE (6)

Thus, we prove
hi [V x V% p“o,K Svx PHo,K
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Proof of interpolation estimates for face VE (6)

Thus, we prove
hi [V x V% p“o,K Svx PHo,K

Let bx denote the piecewise quadratic bubble over a subtriangulation of K

2
[Vx Vx P”o,K
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Proof of interpolation estimates for face VE (6)

Thus, we prove
hi [V x V% p“o,K Svx PHo,K

Let bx denote the piecewise quadratic bubble over a subtriangulation of K

IV x ¥ pl2 ¢ ~ / b(Vx Vx p)?
' K

polyn. inverse est.

Interpolation and exact sequences in the VEM 19.06.2024 19/21



Proof of interpolation estimates for face VE (6)

Thus, we prove
hi [V x V% p“o,K Svx PHo,K

Let bx denote the piecewise quadratic bubble over a subtriangulation of K

||VxV><p||OK /bK(Vxpr /Vx (bk VX VX p)-Vxp

IBP + bkjok = 0
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Proof of interpolation estimates for face VE (6)

Thus, we prove
hi [V x V% p“o,K Svx PHo,K

Let bx denote the piecewise quadratic bubble over a subtriangulation of K

||VxV><p||OK /bK(Vxpr /Vx (bk VX VX p)-Vxp

S IVx(bk VX VX p)llg IV pllo k
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Proof of interpolation estimates for face VE (6)

Thus, we prove
hi [V x V% p“o,K Svx PHo,K

Let bx denote the piecewise quadratic bubble over a subtriangulation of K

||VxV><p||OK /bK(Vxpr /Vx (bk VX VX p)-Vxp

< V(b Vx Vx p)lg « IV pllg
S IVx Vxpllo V% pllg «

polyn. inverse est. (1Kl oo iy = 1
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Proof of interpolation estimates for face VE (6)

Thus, we prove
hi [V x V% p“o,K Svx PHo,K

Let bx denote the piecewise quadratic bubble over a subtriangulation of K

||VxV><p||OK /bK(Vxpr /Vx (bk VX VX p)-Vxp
<[V (b VX VX p)llo IV % pllo «
S hC IV V% pllo V% pllo i

Estimates in the divergence norm are trivial (V- C, is the average of V- C)
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Related results

@ general order nodal spaces in 2D and 3D
[Chen, Huang, Calcolo 2017], [Brenner, Sung, M3AS 2018]
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Conclusions

@ VEM exact sequence [« FEM exact sequence]

@ natural coupling with the FEM

@ useful for adaptivity

@ useful to impose “continuous” constraints (e.g. 0 divergence) on the discrete level

@ interpolation estimates are explicit in the geometry of the elements

@ stability estimates are proven using similar tools
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Related aspects: stability estimates

Given a virtual element space Vi(K), one needs stability estimates of the form
e Va2 ¢ < S (Vi Vi) < o Va2 Vi € Vi(K) Nker(M7)

where S¥: V,,(K) x Vih(K) is a computable bilinear form

Interpolation and exact sequences in the VEM 19.06.2024 21/21



Related aspects: stability estimates

Given a virtual element space Vi(K), one needs stability estimates of the form
e Va2 ¢ < S (Vi Vi) < o Va2 Vi € Vi(K) Nker(M7)

where S¥: V,,(K) x Vih(K) is a computable bilinear form

@ stability estimates are “reasonable” but not immediate

Interpolation and exact sequences in the VEM 19.06.2024 21/21



Related aspects: stability estimates

Given a virtual element space Vi(K), one needs stability estimates of the form
e Va2 ¢ < S (Vi Vi) < o Va2 Vi € Vi(K) Nker(M7)

where S¥: V,,(K) x Vih(K) is a computable bilinear form

@ stability estimates are “reasonable” but not immediate

@ their proof borrows and lends tools from interpolation estimates

Interpolation and exact sequences in the VEM 19.06.2024 21/21



Related aspects: stability estimates

Given a virtual element space Vi(K), one needs stability estimates of the form
e Va2 ¢ < S (Vi Vi) < o Va2 Vi € Vi(K) Nker(M7)

where S¥: V,,(K) x Vih(K) is a computable bilinear form

@ stability estimates are “reasonable” but not immediate

@ their proof borrows and lends tools from interpolation estimates

For instance, we want to prove for face VE spaces
. [|Chll5 x < S(Ch, Ch) < @™ [IChlls « VCh € V5(K)) N [ker(N°)P°

where
S¥(En, Cn) := hk Z (ne - En,ne - Ch)o,o

FeFy
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Stability estimates for face VE elements
The lower bound is an immediate consequence of the already proven inequality

2 2
IChlls.x < P > IInF-Calls -

FeFp
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Stability estimates for face VE elements
The lower bound is an immediate consequence of the already proven inequality

2 2
IChlls.x < P > IInF-Calls -

FeFp

As for the upper bound, we have

HnK : ch”oﬁK
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Stability estimates for face VE elements

The lower bound is an immediate consequence of the already proven inequality

2 2
IChlls.x < P > IInF-Calls -

FeFp

As for the upper bound, we have

_1
Nk - Chllo o S i ® - Call 5 ok

polyn. inverse est.
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Stability estimates for face VE elements

The lower bound is an immediate consequence of the already proven inequality
IChlls.x < P > IInF-Calls -
FeFy
As for the upper bound, we have

Nk - Chllo.ox < hic “ g Chll_3.0x S HCnIIOK+h V- Chllo,k

~

H(V-) trace inegd.
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Stability estimates for face VE elements

The lower bound is an immediate consequence of the already proven inequality
IChlls.x < P > IInF-Calls -
FeFy
As for the upper bound, we have

Nk - Chllo.ox < hic “ g Chll_3.0x S HCnIIOK+h V- Chllo,k

In fact, we could also prove

HV'ChH(),K s h;j ||ChHo,K

which gives the upper bound
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Interpolation estimates for nodal (Lagrangian) elements

vin H%(K), 3/2 < s < 2. Then

N
’V —I/-'EV‘1 p S hi vl

)
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Interpolation estimates for nodal (Lagrangian) elements

vin H%(K), 3/2 < s < 2. Then

N
’V —I/-'EV’1 p S hi vl

)

vin H%(K),3/2 < s <2. Then

v—lev| S hkIVik
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Interpolation estimates for edge (Nédélec) elements

FEM — edge (high regularity)
Fin [H5(K)]® with s > 1, then

E
s, < e
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Interpolation estimates for edge (Nédélec) elements

FEM — edge (high regularity)
Fin [H(K)]® with s > 1, then

E
s, e

FEM — edge [Boffi, Gastaldi, Appl. Numer. Math. 2006]
Fin [HS(K)]?, s € (1/2,1], with Vx Fin L°(K), p > 2, then

HF - III-::EFHO o S (Il ¢ + 11V X Fll o))
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Interpolation estimates for edge (Nédélec) elements

FEM — edge (high regularity)
Fin [H(K)]® with s > 1, then

E
s, e

FEM — edge [Boffi, Gastaldi, Appl. Numer. Math. 2006]
Fin [HS(K)]?, s € (1/2,1], with Vx Fin L°(K), p > 2, then

HF - III-::EFHO o S (Il ¢ + 11V X Fll o))

FEM — edge [Boffi, Gastaldi, Appl. Numer. Math. 2006]
If we further have Vx F in H°(K), 0 < s < 1, then

|V (F ~25F)|| |, < Ak IVxF 0

v
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Interpolation estimates for edge (Nédélec) elements

VEM - edge

in Vx, K), < s<1,suchthat F.-tcIn e). Then
Fin H° K),1/2 1 h that F, in L Th

|~ Z0eF| + |[Vx(F = ZheP)| | < k1Pl 4 1 Fllo 4 i [V Flg
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